SOLVABILITY OF PLANAR COMPLEX VECTOR FIELDS 
WITH HOMOGENEOUS SINGULARITIES 
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Abstract. In this paper we study the equation Lu — f, where L is a C- 
valued vector field in R 2 with a homogeneous singularity. The properties 
of the solutions are linked to the number theoretic properties of a pair 
of complex numbers attached to the vector field. 



Introduction 

This paper deals with the solvability of homogeneous complex vector 
fields in the plane. It is motivated by the recent papers [12], [15] . and 
[14] by Frangois Treves about vector fields with linear sigularities. Let 
L = Ad x + Bd y be a complex vector field in R 2 , where A, B € C°°(IR 2 \{0}) 
are homogeneous with degree A € C with Re(A) > 1. The main question 
addressed here is the solvability, in the sense of distributions, of the equation 

(0.1) Lu = f 

in a domain containing the singular point 0. The question is answered for 
a class of vector fields. This class consists of those vector fields L that are 
linearly independent of the radial vector field (L A (xd x + yd y ) / 0) and such 
that the characteristic set £ has an empty interior in IR 2 \{0} (see section 
!)• 

An important role is played by the number theoretic properties of the 
pair of complex numbers (/z, A) attached to L. The second number, A, is the 
homogeneity degree of L and the first is given by 

£ Q2 ^ fJi= J_ f A(x,y)x + B(x,y)y dz 



2vr J\ z \ =1 B(x,y)x - A(x,y)y z 

with z = x + iy. For instance, if fj, = ij3 ( /3 £ R*), then whenever u £ C°(fl) 
solves Lu = in a region containing an annulus r 2 < x 2 + y 2 < R 2 with 
R > re 27r '^', the function u extends as a distribution solution to the whole 
plane M. 2 . The solvability of (0.1), when / is real analytic at 0, can be 
achieved provided that the pair of numbers (/i, A) is nonresonant and satisfies 
a certain Diophantine condition (T>C) which prevents the formation of small 
denominators (see section 6). When / is only C°° at 0, the Diophantine 
condition together with L satisfying the Nirenber- Treves condition (V) in 
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M 2 \{0} imply the solvability of (0.1) in a neighborhood of 0. These results 
are used to solve a Riemann-Hilbert boundary value problem for L. 

The paper is organized as follows. Section 1 deals with the preliminaries. 
In section 2, we construct first integrals for L. The properties of the first 
integrals depend on the number fj,. Section 3 deals with the equation Lu = 
in a region f2 containing the singular point 0. We consider in particular 
the extendability of u across the boundary dO, and the smoothness of u 
on certain characteristic rays of S. Examples in section 4 illustrate the 
properties discussed in section 3. In section 5, we consider equation (0.1) 
when / is a homogeneous function with degree a G C, with Re(cr) > 0. We 
show that (0.1) has a homogeneous distribution u G V(M?) provided that 
the three numbers u, A, and a satisfy u(X — a — 1) g" Z. In section 6, we 
introduce a Diophantine condition (T>C) for a nonresonant pair (a, A) and 
prove that when the pair of numbers satisfies the Diophantine condition, 
equation (0.1) has a distribution solution in a neighborhood of for every 
real analytic function /. In section 7, we consider the case when / is only C°° 
at but we add the assumption that L satisfies condition (V) in IR 2 \{0} and 
(fi, A) satisfies (DC). In this case equation (0.1) has a distribution solution. 
The result of section 7 is used in section 8 to the boundary value problem 



(0.3) 



Lu = f in , 

Re(Au) = $ on dn, 



where O 9 is a simply connected domain, A G C{dVL, S 1 ), $ G C a (dQ,M.) 
with < cr < 1. We prove that problem (0.3) has a distribution solution 
provided that the index k of A satisfies the inequality 

MAM 
Re(l/M) ' 



1. Preliminaries 

In this section we provide the necessary terminology and background re- 
garding the vector fields we will be dealing with. Let 

(1.1) L = A(x,y)d x + B(x,y)d y 

be a vector field in R 2 , where A, B £ C°°(]R 2 \{0} , C) are homogeneous 
functions of degree A G C with Re(A) > 1. This means that, for every 
(x, y) G R 2 and for every t G M + , 

A(tx,ty) = t x A(x,y) and B(tx,ty) = t x B(x,y) . 

It follows in particular (when Re(A) > 1) that A and B are at least of class 
C 1 at and that 

d j+k A d j+h B 

dxld?^ 0) = 0) = ° Wh6n 3 + k ~ [RC(A)] ' 
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where [a], a € R, denotes the greatest integer < a. The conjugate of L is 
the vector field 

L = A(x, y) d x + B(x, y) d y , 

where A and B are the complex conjugates of A and B. The polar coordi- 
nates are the natural variables for the study of such operators and we will 
use them extensively. Consider the polar coordinates map 

II : [0, oo) x S 1 — > R 2 \{0}, II(r,0) = (r cos 9, r sin 0) . 

It follows from the A-homogeneity of A and B that 

AoU(r,9) =r x a(9) B o U(r, 9) = r x b(9) 

where a(9) = A(cos 9, sin 6*) and b{9) = B(cos9,sin9) are 27r-periodic and 
can be considered as functions in C^S^C). The expression of L in polar 
coordinates is 

(1.2) L = r A_1 (p(0)d$ — iq(9)rd r ) , 
with 

(1.3) p{9) = b(9) cos 9 -a(9) sin 9 and q{9) = i {a{9) cos 9 + b(9) sin 9) . 

The vector field L is elliptic at a point p if L p A L p / 0. The set of points 
where L is nonelliptic, given by 

(1.4) S = {(x,y) eR 2 ; L Al= 0} = {(x,y) G R 2 ; Im(AB) = 0} , 

is the base projection of the characteristic set of L. It follows from the 
homogeneity of A and B that S is a union of lines through the origin. 

Throughout this paper, we will assume that L satisfies the following con- 
ditions 

(CI): S has an empty interior in R 2 ; 

(C2): L A (xd x + yd y ) + everywhere in R 2 \{0}. 

Note that since 

(1.5) Im(AB) = r 2KcW lm(a(9)b{9)) = r 2Rc(A) Re(p(0)^)) , 
then when S is viewed as a subset in [0, oo) x S 1 , we have 

(1.6) E = [0, oo) x S with S = {0 G S 1 ; Re(pq) = 0} . 

The following lemma is a direct consequence of (1.2), (1.6) and of xd x +yd y = 
rd r . 

Lemma 1.1. Condition (CI) is equivalent to (CI') and to (CI"). 

(Cl') The set {9 G S 1 ; Im(a&) = 0} has an empty interior in S 1 . 
(CI") The set {9 G S 1 ; Re((7p) = 0} has an empty interior in S 1 . 

Condition (C2) is equivalent to (C2') anrf to (C2"). 

(C2') For every G S 1 , 6(0) cos - a(0)sin0 ^ 0. 
(C2") For every G S 1 , p(0) ^ 0. 
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The vector field L is said to be locally solvable at a point p G M 2 if there 
exist open sets U, V with p G V C U Cl 2 such that for every / G C°°(U) 
there exists a distribution u G 25' (V) such that Liz, = /. Note that since L 
is elliptic in R 2 \E, then it is locally solvable and hypoelliptic at each point 
p £ £. The vector field is solvable at a point po G £\{0} if and only if 
L satisfies the Nirenberg- Treves condition (V). This condition deals with 
general differential operators (see pXJ, |10j). In the case of vector fields 
we consider here, it has a simple formulation. Namely: The homogeneous 
vector field L satisfies condition (V) at the point (xo,yo) = ( r o>^o) G £\{0} 
if and only if the function Im(AB) does not change sign in a neighborhood of 
(xo,yo)- Equivalently, if and only iflm(ab) = Re(qp) does not change sign 
in a neighborhood of 9q G S 1 . It follows from the homogeneity of L that if 
it satisfies condition (V) at a point po, then it satisfies condition (V) on the 
ray {tpo G C, t > 0}. It should be noted that when L satisfies condition (V) 
at a point po G E\{0}, then for / G C°° near pq, a C°° function u can be 
found so that Lu = f near pq. 

Remark 1.1. Condition (C2) implies that L is not tangent to any ray 
contained in S. In terms of (Sussmann's) orbits of L (see jl] and jllj), this 
condition implies that L does not have one-dimensional orbits in IR 2 \{0}. 
As a consequence, if L satisfies conditions (Cl), (C2) and condition (V) at 
a point po G M 2 \{0}, then it is hypoelliptic in a neighborhood of po (or 
equivalently, with the terminology of hypoanalytic structures ([I], (TTJ) it is 
hypocomplex in a neighborhood of po). In this case all solutions of Lu = f 
are C°° at po (respectively, real-analytic if L is real analytic in M 2 \{0}.) 

Remark 1.2. If po = ( r Oi^o) £ ^]\{0} an d if the- function He(qp) vanishes 
to a finite order at #0; then L is of finite type at po. This means that the 
Lie algebra generated by L and L generates the complexified tangent space 
CT Po M?. If, in addition, L satisfies condition (V) at po, then the order of 
vanishing of Ke(qp) is even (Re(qp)(0) = 0((9 — 0o) 2k ) for some k G Z + as 
9 — > 9q). Otherwise, L is of infinite type at pq. 

Remark 1.3. When L is real analytic in M?, then the functions A and B 
are homogeneous polynomials of degree N + 1 > 2 so that 

N+l N+1 

A(x,y) = A jX N+1 - j y j and B(x,y) = ^ B jX N+1 - j y j 

3=0 j=0 

with Aj , Bj G C. Then, we can express L in polar coordinates as 

(1.7) L = r N (p N+2 (9)de - iq N+2 (9)rd r ) , 

where pn+2 and qN+2 are trigonometric polynomials of degrees < iV + 2, 
i.e. polynomials of the form 

N+l 

c 3 s n+2 - 2 ^ 

3=0 
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with Cj € C. It follows, in particular, that the characteristic set £ consists 
of at most 2N + 2 lines through the origin. 

2. First integrals 

We give here the properties of the first integrals of L. By a first integral 
in a domain we mean a function F such that LF = and dF is nowhere 
vanishing in Q. Throughout this paper we will assume that L is C°° in 
-R 2 \{0}, that it is A-homogeneous, and it satisfies conditions (CI) and (C2). 
With such a vector field, given in polar coordinates by (1.2), we associate 
the complex number 



(2.1) M = M (L) = i-^ 



p(6) 



dO. 



The number \i can also be expressed as 

1 f 2lT a(6) cos 9 + b{9) sintf ,„ 1 f A(x,y)x + B(x,y)y dz 
H = — / — — — -do — 



27T J b(6) cos 6 — a{6) sin# 2ir J\ z \=i B(x, y)x — A(x, y)y z 

where z = x + iy. The number \i is introduced in [7j (see also [5]) for 
a class of elliptic vector fields that degenerate along a closed curve. Note 
that if Re(/x(L)) < 0, then a linear change of variables in M? (for example 
x = —x, y = y) transforms L into a new, homogeneous vector field L with 
Re(/x(L)) > 0. Hence, from now on we will assume that 

(2.2) Re(/i)>0. 

Lemma 2.1. If L satisfies condition (V) in M 2 \{0} ; then Re(/x) > 0. 
Proof. We have 



Since Re((g>) ^ (condition (CI)) and does not change sign (condition (V)), 
then the last integral is nonzero. The conclusion follows from (2.2) □ 

Consider the case /i = 0. Then, the function 
(2.3) m(0) = f 44 ds 



Jo P(s) 

is 2-7r-periodic and Re(m(0)) ^ (condition (CI)). Let 0i, 02 G [0, 2tt) and 
<7 > be such that 

Re(m(0i)) = min Re(m(0)) , Re(m(0o)) = max Re(mf0)) 

(2.4) " " _ vr 

Re(m(0 2 )) - Re(m(0i)) ' 

Let 

(2.5) 0(0) = «rm(0) - <rRe(m(0i)) . 
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We have then 

(2.6) min Re(4>(9)) = and max Re(cb(0)) = tt . 

0<6K2tt 0<9<2w 

Define the homogeneous function in M 2 by 

(2.7) Z (r,9) = rV^. 

Proposition 2.1. Suppose that fi = 0. Xei Zo 6e i/ie function defined by 
(2.7). T/ien Z G C°°(IR 2 \{0}) is a ,/irsi inte^ra/ o/ L m M 2 \{0} and it 
maps M 2 onto the upper half plane C + = {z = x + iy G C; y > 0}. 

Proo/. The fact that Z G C°°(IR 2 \{0}) and solves LZ = follows from 

q(8) 

the construction of the function <j)(6) which satisfies 4>'{9) = o-——. That 

p{V) 

dZ / in M 2 \{0} is also clear. We need to verify that Z (K 2 ) = C + . Let 
fa and 4>2 be, respectively, the real and imaginary parts of (p. The function 
e i</> _ e -^2 e «^i ma p S the unit circle in R 2 onto a curve contained in C + 
(since < fa{9) < tt for every 9, by definition of fa. If the maximum tt and 
minimum of fa occurs at 6 2 and 6>i, then e^ (92) G W~ and e^ (9l) G M + . 
The a- homogeneity of Zq implies Zq(R 2 ) = C + . □ 

When / 0, then, as it is the zeroth Fourier coefficient of the function 

q 

-, we can write 
P 



p(0) ^ \ ^ // 



with Cj = — / ——e~ l i e d6. The sum appearing in (2.8) has a periodic 
2W Pi* 9 ) 



primitive 

(2.9) fa9) = E -??-j j0 = MO) + iMO) 

with 0i and 02 the real and imaginary parts of (p. Hence, 

(2.10) ^| = M (i + ^)). 

Let Z M be the function defined by 

(2.11) Z„(r, 6) = r 1 ^ exp + fa9))) • 

The function Z^ is C°° in M 2 \{0}. If Re(n) > 0, then, at 0, Z^ is of class C k 
with /c < Re(l/A*) (hence, only Holder continuous, if < Re(l/A*) < 1). If 
Re(Ai) = 0, Z^ is not defined at 0, but it is bounded in the whole punctured 
plane IR 2 \{0}. Furthermore, it is easily verified that LZ^ = and dZ^ ^ 
in M 2 \{0}. That is, Z^ is a first integral of L in M 2 \{0}. 
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Proposition 2.2. Suppose that Re(/x) > 0. Then, the first integral maps 
M 2 onto C. Furthermore, if L satisfies condition (V) in R 2 \{0} ; then is 
a global homeomorphism. 

Proof. Since <f>{0) is 27r-periodic, then the map exp (i(0 + (f)(0))) sends the 
unit circle in R 2 into a curve in C with winding number 1 about the origin. 
The (l//x)-homogeneity of Z^ and Re(p) > imply that Z^M 2 ) = C. If, 
in addition, L satisfies condition (V), then Re(l + <f)'(0)) = 1 + (f)[(0) > 0, 
for every 0. It follows from condition (CI), that the function + <pi(0) is 
monotone (increasing). Consequently, exp (i(0 + (f)(0))) is a homeomorphism 
from S 1 onto its image. The conclusion follows from the homogeneity of 
Z„. ' □ 



When Re(n) = 0, set fi = if3 with (3 G R*. Then (2.11) can be rewritten 



as 



(2.12) % = e-^( e )exp ^0 + ^(0)-^) 
Let 

(2.13) m= min e _<fe(f?) and M= max e ~* 2(9) . 

0<e<2n 0<9<2n 

As before, Z^ is a first integral of L in R 2 \{0} and we have the following 
Proposition 2.3. The function Zip maps R 2 \{0} onto the annulus 

(2.14) A(m,M) = {z G C; m < \z\ < AT}. 

Furthermore, for every e > 0, the function Z^p maps the punctured disc 
D(0, e)\{0} onto the annulus A(m,M). 

Proof Let (r,0) G R 2 (r > 0). Then \Z if) (r,0)\ = e'^. Hence, m < 
\Zip\ < M, and Z if3 (r,0) G A(m,M). Now, let z = p e i<f, ° G A(m,M). 
Then there exists 0q £ [0, 2tt) such that For a given e > 0, 

let 

r e = exp \p (0 + (f)i(0 ) - (f) + 2kir)] 
with k G Z, < and |fc| large enough so that r e < e. Then Zip(r e ,0o) = 

ZQ. ' □ 

Remark 2.1. When div(L) = 0, the differential form Ady — Bdx (orthog- 
onal to L) is exact. Hence, there exists a (A + l)-homogeneous function 
F(x, y) such that 

L _dF d dF d 
dy dx dx dy ' 

If we set F(x,y) = r x+1 f(0), then 
(2-16) L = r x ~ 1 \(X + l)f(0)^-f'(0)r^- 
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Let arg/(#) be a continuous branch of the argument of /. The number \i 
can be given by 

, 9 , 7 , _ arg/(27r) -arg/(0) _ j 

10 /i " 2vr(A + l) "A + l 

for some j G Z. If, in addition, L is real analytic at 0, then F = P/v+i is 
a homogeneous polynomial of degree N + 1 € Z + . So F(r,6) = r N+1 P(6), 

N+l 

with P(0) = ^ Pk^ k6 a trigonometric polynomial of degree N+l. 

k=-(N+l) 
N+l 

Let R(z) = ^2 PkZ k - Then the associated number is 

k=~(N+l) 



27rz(iV + 1) i k | =1 R{z) N + l 

with j = Q — (N + 1), where Q is the number of zeros of R in the disc 
\z\ < 1. 

Remark 2.2. The functions defined in (2.7), (2.11), and (2.12) satisfy 
LZ^ = in the sense of distribution in the whole plane M 2 . 

3. The equation Lu = 
In this sections we study the properties of the solutions of the equation 
(3.1) Lu = 0. 

The following propositions (in which the equations are to be understood in 
the sense of distributions) are direct consequences of the order of vanishing 
of L at 0. 

Proposition 3.1. Let 5 be the Dirac distribution and j,k be nonnegative 
integers such that j + k < Re(A) — 1. Then 

( d j+k 5 \ 

(3-2) LU-— j -)=0. 



\dxidy k 

Proposition 3.2. Suppose that /j, = 0. Let Zq be the first integral of L given 
by (2.7) and let m € Z such that am < Re(A) — 1. Then 

(3.3) L(Z m )=0. 

Suppose that Re(/x) > 0. Let Z^ be the first integral of L defined by (2.11) 
and let m G Z such that Re(l//x)m < Re(A) — 1, then 

(3.4) L(Z^ m )=0. 

Suppose that (j, = i/3 & iR* . Let Z^ be the first integral of L given by (2.12) 
and m G Z. Then 

(3.5) t«) = 0. 
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Now we consider the continuous solutions of (3.1). 

Theorem 3.1. Suppose that L satisfies condition (V) in M 2 \{0}. Let Z^ be 
the first integral given by (2.11) and let Q C M? be open. Then u G C°(Q) 
satisfies (3.1) if and only if there exists a function H holomorphic in Z^Q) 
such that u = H o Z^. 

This theorem is a direct consequence of the hypocomplexity of L in M 2 \{0} 
and of the fact that Z^ : M? — > C is a homeomorphism (Proposition 2.2). 

Theorem 3.2. Suppose that /i = and let Zq be the first integral of L given 
by (2.7). Let Q be open and simply connected in M 2 and such that Zq{Q) 
is simply connected in C. Then every solution u G C°(f2) of (3.1) satisfies 

uec°° (nxz^iR)) 

Proof. We know from the principle of constancy on the fibers of locally 
integrable structures (which is a consequence of the Baouendi- Treves ap- 
proximation formula, see [1] or [11]) that, for every p G Q, there exists an 
open set O p C with p G O p , and a function H p G C°(Zq(O p )), with H p 
holomorphic in the interior of Zq(O p ), such that u = H p o Zq in O p . By 
analytic continuation, each element H p leads to (an a priori multi-valued) 
function H continuous in Zq(Q)\{0} and holomorphic in its interior. Now, 
since Z(tl) is simply connect in the upper half plane C + and ^o(O) = 0, 
then H is single- valued and the conclusion follows. □ 

Theorem 3.3. Suppose that Re(/i) > 0. Let Z^ be the first integral of L 
given by (2.11). Let VL 9 be an open and simply connected bounded subset of 
M 2 and such that Z^(Q,) is simply connected in C. Then for every u G C°(Q) 
satisfying (3.1), we have u G C^f^jO}). 

Proof. As in the proof of Theorem 3.2, for every p G 0, there exists an 
open subset O p 3 p and H p continuous on Z^(O p ) and holomorphic in its 
interior, such that u = H p o Z^ in O p . The analytic continuation leads to 
a (multi- valued) function H in Z M (S7)\{0}. We need to verify that H is 
single-valued. This time, is in the interior of Z„(f2) and Z^(£l)\{0} is not 
simply connected. Since f2 is simply connected, then d£l is homotopic in 
f]\{0} to a circle C(0, e) with center and radius e > (small). The image 
of this circle by Z^ is the curve T given by e 1 ^e l ^ + ^ 9 ^ . It has winding 
number 1 about € C. Let po G C(0, e) be such that Z^pq) G T. If H were 
not single- valued, then the analytic continuation of an element H\ of H at 
Z^(po), with value H\(Z^(pq)), would lead to an element H2 of H, with 
value H2(Z fM (po)) ^ Hi(Z^(po)). But the continuation along the curve T is 
realized through the continuation along the circle C(0,e) of the function u 
leading to H^Z^pq)) = u(po) = -^2(^(^0))- Thus, H is single- valued. □ 

Theorem 3.4. Suppose jj, = if3 G iR* . Let Z^ be the first integral of L 
given by (3.12) with m = min|Z^g| and M = max|Z^g|. Let £1 be an open 
subset o/IR 2 \{0} containing an annulus 

A(ri, T2) = {(x, y); r\ < x 2 + y 2 < r 2 } with r2 > r\ exp(27r|/3|) . 
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Then, for every u G C°(fl) satisfying (3.1), there exist H G C°(A(m, M)), 
H holomorphic in the interior of A(m, M) and such that u = H o Zip. It 
follows, in particular, that u extends as a continuous solution of (3.1) to the 
punctured plane M 2 \{0}. 

Proof First, we verify that Z i/3 (A(n, r 2 )) = A(m.M). Let # m , 6> M € [0, 27r] 
be such that \Zip(r,8 m )\ = m and (Z^r, #m)| = Then Z^ maps the 
segment re* 6 ™ (respectively, re* 0M ) with ri < r < r 2 onto the circle \z\ = m 
(respectively \z\ = M). This is because 



%(r,0)=e-<^exp 



In r 



and lnr 2 — lnri > 27r|/3|. Hence, the image of each segment re with 
n < r < r 2 is the circle with radius e~^ 2( - 9 °\ As 6q varies from to 2tt, 
these radii reach the minimum m and the maximum M. 

Using an argument similar to that used in the proof of Theorem 3.3, we 
can show that if u G C°(A(ri, r 2 )) solves (3.1), then u = H o Z^ with H 
continuous in the annulus A(m, M) and holomorphic in the interior. □ 

Remark 3.1. Theorems 3.1, 3.2, and 3.3 imply, in particular, that whenever 
u G C°(Q), with G ft, solves (3.1), then for every point p G S\{0}, such 
that Z^(p) is an interior point of Z^{Q), then the solution u is C°° at p. 

Now we consider the extension of the solutions of equation (3.1) across 
the boundary dVl for a class of open sets and for vector fields with p > 0. 
A set C M 2 is starlike with respect to G ft if the segment [0, p] C ft for 
every p £ Q. 

Let L be a homogeneous vector field with number p > and with first 
integral given by (2.11) when /x > or by (2.7) when p = 0. Let f2 be 
open, bounded, starlike with respect to 0, and with boundary of class C 1 . 
Define an equivalence relation on the boundary dfl by 

p ~ p ' <^ argZ^(p) = argZ^(p') . 

Denote by cl(p) the equivalence class of p. Hence cl(p) is a closed subset of 
dfl. Define the function p on dfl by 

(3.6) p : dfl — ► R + , p(p) = max \Z^(p')\. 

p'eci(p) 

Note that the function p is continuous on dfl. Let 

(3.7) fl L = (J [0, A(p)e iar ^) 

pedn 

where 

f3 8^ Mn) - ! P(^ 2(argp) if^>0; 

where a is given in (2.4). The set O/, is starlike with respect to and 
(^l)l = f^L- We will prove in the next theorem that fli is the envelope 
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of extendability of fi: every continuous solution of (3.1) in Q extends as a 
continuous solution to 

Theorem 3.5. Suppose that \x > 0. Let Q be open, bounded, with C 1 
boundary, and starlike with respect to 0, and let Qi be given by (3.7). Then 

(a) n L = z-^z^n)) 

(b) If u £ C°(f2) solves equation (3.1), then there exists a solution u G 
C°(Ql) of (3.1) such that u = u in $7. 

(c) There exists v G C°(Ql) solution of (3.1) such that v has no exten- 
sion to a larger set. 

(d) Iffi > 0, then any solution u G C°(ft L ) of (3.1) belongs to C°°(tt L \{0}) 

(e) If n = 0, then any solution u G C°(£Il) of (3.1) belongs to C^^lXZq 1 

Proof, (a) Let po = (ro,#o) G ^l\{0}. The ray through and po intersects 
dO, at a point p' = (r' , 9q). Thus, we have 

r = tA(p ) = t \p(p'o)e Meo) } " , for some < t < 1 . 

The exponent \i needs to be replaced by 1/cr if fi = 0. Let p* = (r*,0*) G <9f2 
be such that p* G c1(pq) and p(p' ) = Hence, 

Then, 

Z^(p ) = t 1 ^ [ P (p' )e^] e-MWeHOo+tm)) = t 1 /* Z^p*) . 

Since < t 1 ^ < 1 and Z^Q) is star like with respect to 0, then Z^po) G 
Z^Q) and C Z^ 1 (Z^Q)). A similar argument can be used to show 

that z- 1 (z^(n)) c n L 

(b) Suppose that u G C°(Q) satisfies (3.1). Then (Theorem 3.3, or 3.2 
when n = 0) there exists a continuous function H on Z„(f2) and holomorphic 
in its interior such that u = H o Z^. The function u = H o Z^, defined on 
£Il = (Zn(Q)), is the sought extension of u. 

(c) Let -ff be continuous in Z^(0,), holomorphic in the interior, and such 
that H has no holomorphic extension. Then v = H o Z^ is a solution of 
(3.1) in Ql that can't be extended. 

(d) If \x > 0, then, as in part (a), it can be shown that dZ^(0,) = Z^OQl). 
Hence, if p G f2i\{0}, then Z^(p) is an interior point of Z^(Ql)\{0} and 
since u = H o Z^, H holomorphic at Z^(p), u is smooth at p. 

(e) If p, = 0, then dZ (tt) C Z (dn L ) U (K + iO). As in part (d) if 
p G r2L\{0}, p G" Z^^M), then Zq(p) is an interior point of Zq(V£) and u is 
C°° at p. ' □ 

We will say that the vector field L satisfies the Liouville property in 
M 2 \{0} if every continuous and bounded solution of Lu = in M 2 \{0} 
is constant. We have the following characterization. 

Theorem 3.6. L satisfies the Liouville property if and only ifKe(fi) / 
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Proof. Suppose that Re(/x) > 0. Then Z^R 2 ) = C. It follows that for every 
p € IR 2 \{0}, Zp(p) is an interior point of Z^(R 2 \{0}) and consequently, if 



u <E 



! \{0}) solves (3.1), then u G C°°(]R 2 \{0}) and u 



H o with H 



an entire function. If, in addition, u is bounded, then H is constant. 

If /U = 0, then Zo(R 2 ) is the upper half plane in C. If H is any nonconstant, 
bounded, holomorphic function defined in the upper half plane, then u = 
HoZq is nonconstant, bounded and smooth solution of (3.1) in M. 2 . If p = i/3 
with f3 ytz 0, the same argument applies by replacing the half plane by the 
annulus A(m, M). □ 



4. Examples 



1. Let 



L 



„A-1 



do 



cos 6 + i— sin ) !■<), 



We have \i = and the first integral is Zq = re sin exp 



. 7T — 7T COS I 



The 



characteristic set £ consists of the rays 6 = and 6 = it. The image of the 
unit disc D is the region in the upper half plane Imz > whose boundary 

. 7T — 7T COS I 



consists of the curve z 



e smy exp 



for < 6 < 7r and the 



segment [—1, 1]. Note the lower semicircle x 2 + y 2 = 1, y < 0, is mapped 




Figure 1 . The unit disc, its envelope, and their image 

via Zq into the interior of Zq{D). Hence, any continuous solution in D 
extends through the lower semicircle. In fact, the function p (defined in 
(3.6)) in this case is given by p(0) = e l sin e l . The envelope Dl of D is the 
interior of the curve given by e (l sin6 '|- sm6 ') e td ( see Figure 1.) 

2. Let k G Z + , /i € R + + iR, and 

L = r x ~ L [d e - ip(l + k cos k8)rd r ] . 

The first integral is Z^ = r 1 / ^Q l { e + SUi { kS )) anc [ the characteristic set £ consists 
of the 2/c rays given by the roots of the equation 1 + k cos k6 = 0. Note that 
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L does not satisfy condition (V) at any point of S. The image, via Z^, of 
the unit disc D is the unit disc. If follows that if u G C°(D) solves Lu = 0, 
then u G C°°(D\{0}). 



3. Let 

L = r A_1 [<% - i (2 cos 2(9 
We have /x = i and the first integral is 

Zi = r 1 ' 1 exp 



2 sin 4(9 + i) rd r 



sin 26* + - cos 46 




Figure 2. The annulus A(e 3 / 2 , e 3 / 4 ) and the image of the 
unit circle (dotted curve) 

The characteristic set £ consists of eight rays: 

f 37T 57T 7lT IT 57T 137T 177T 

~ 4' T' T' T' 12' 12' IT' T2~' 
The vector field L does not satisfy condition (V) on any point of S. The func- 

tion I Zj I reaches a maximum e 3 / 4 on the four rays 6 = — ; — ; ; ; 

12^ 12' 12 ' 12 ' 

and it reaches a minimum e~ 3 / 2 on the two rays 6 = —— ; — . We have then 

4 4 

Zi(R 2 \{0}) = A(e~ 3//2 , e 3//4 ). Hence, any C° solution of = in a region 
containing an annulus A(ri,r2) with r2 > rie 27r extends to a continuous 
solution n in M 2 \{0}. Furthermore, u is C°° everywhere except possibly on 
the rays where \Zi\ reaches its extreme values. In particular, u is C°° on the 

rays 6 = ^; even though L does not satisfy condition (T 3 ) along these 
rays. 

5. The equation Lu = f with / homogeneous 
In this section, we consider the equation 
(5.1) Lu = f 

with / a homogeneous function of degree a G C. We have following theorem 



14 ABDELHAMID MEZIANI 

Theorem 5.1. Let I > and f G C / (IR 2 \{0}) be a -homogeneous with 
Re(o-) > 0. Let fi = n(L) and assume that 

(5.2) n(\-a-l)<£Z. 

Then equation (5.1) has a distribution solution u G V'(R 2 ), with u homoge- 
neous with degree a + 1 — A and such that u G C i+1 (IR 2 \{0}). In particular, 
ifRe(a) > Re(A) — 1, then u is Holder continuous at 0. 

Proof. Since / is homogeneous, then f(r, 9) = r° fo(9) with /o G C^S 1 ). Let 

q(s) 
p(s) 



(5.3) V(0)= / 44 rfs 



so that V^tt) = 2tt/j,. The function 
(5.4) 



K+ [ M*lexp(-i(<T + l-\)il>(s)) ds 
Jo P{s) 



exp(i(cr + 1 - A)V>(6>)) 



with i^T G C is the general solution of the following ODE 

(5.5) p(9)v'(9) -i(a + l- \)q(0)v(9) = f (9) . 

Since, e 27ri ^ CT+1 - A ) ^ 1 (by (5.2) and ^(2vr) = 2vr/i), then the only periodic 
solution of (5.5) is obtained when 

( 5 - 6 ) K = i _ ^ jf exp H(cJ + 1 " ms)) ds • 

With this value of K, let 
(5.7) u(r,9) = r a+1 ' x v(9). 

Then, it G C m (IK 2 \{0}) and it is Holder continuous at if Re(cr) > Re(A) - 
1. A simple calculation shows that u solves (5.1) in M 2 \{0}. Now we show 
that u solves (5.1) in 1R 2 in the sense of distributions. Observe that when L 
is given by (1.2), then its transpose is 

*L =-(L + divL) 

(5.8) 

= -r A - x [p{9)d e - iq{9)rd r - i(\ + l)q(9) +p'{9)} . 

Consider the case Re(o-) > Re(A) - 2, so that u G L 1 ^ 2 ). Then, for 

$ G C^°(]R 2 ) a test function, we have 

(5.9) 

(Lu,&) ={u, t L^} 



f'OG f'llT 

I I r a+1 v [p<S> e - irq$ r - i(X + l)q® + p'$) d9dr . 
Jo Jo 
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We use integration by parts together with (5.5) to get 

r>2vr ,-2-K 



(5.10) 



f'ZTT f'ZTY 

/ p{0)v{6)§ e de =- [p'v + i(a + 1 - X)qv + / ] $ 
Jo Jo 

poo poo 

/ r a+2 $ r dr =-/ (a + 2)r CT+1 $dr. 
Jo Jo 



de 



After using (5.10) in (5.9), we obtain 

pOO pI'K 

(5.11) (Lu,$}= r° +1 f (e)<S>(r,e)dedr = {f,<S>) 

Jo Jo 

The theorem is proved in this case. 

Next, suppose that < Re(cr) < Re(A) — 2. Let k = [Re(A — a)], where 
[x] denotes the greatest integer < x. Define u <G V'(M?) by 

(5.12) = C J J r k -^v(e)^- JZT dedr, $ G C ™(R 2 ) 
where 

_ r(A-a-fc) 
6 «- r (A-a-2) 

and r is the gamma function. Since we are using derivatives with the polar 
coordinate, we need to verify that (5.12) indeed defines a distribution. We 
have 

<9r n ~ ^ ( j ) ° Sm Q x n-j Q y j 

3=0 y 

(this formula can be established by induction) , and for a compact set K C M 2 
with supp$ C K, we have 



fc-2 



(«,$>| < C(K) J]sup 



dx k 2 Wyi 



where C(K) is a constant depending only on K, v, a, and A. To verify 
the homogeneity of u, define the distribution u s € V'{R 2 ) (with s > 0) by 
(u s ,$) = s~ 2 (u,®(x/s,y/s)). We have 

Qk-2 . . i 

'$1 



and the change of variable /? = r/s in the integral defining u s gives 

poo (-2-k r9 fc - 2 <T) 

<u s ,<&) = S - 2 Co/ / s^+V-^^W^w^^)^ 
= s CT " A+1 (n,$) . 

This shows the homogeneity of u. Now we verify that u solves (5.1). The 
function *L<I> has compact support and vanishes to order Re(A) — 1 at the 
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origin (r = 0). We can use integration by parts to obtain 

|fc-2 



r-oo r-2-K B k ~ 2 *L$ 

(Lu, $) = («, = C / / r^'^ - ,, s d^dr 

Jo Jo 



/•oo p2n ofc-3 t r <T> 

dy y r *-(A- ff )-i v £__±E <Wdr 

C\ = (X - a - k)C = 



with 

r(A-<r-ife + i) 
r(A-<7-2) ' 

In general after j integrations by parts (with j < k — 2) we get 

{U, ) T(X-a-2) J J r V dr^-i ^ ' 

In particular, for j = k — 2, we obtain 



poo pzn 

(Lu,<5>) = / / r a ' x+2 v(e) t L^d9dr. 
Jo Jo 



Finally, a calculation similar to that carried out in the case Re(er) > Re(A) 
2, gives 



(Lu,<5>)= f{x,y)<5>{x,y)dxdy. 
J Jr 2 



□ 



When (5.2) does not hold, then equation (5.1) can still be solved, provided 
that / satisfies a compatibility condition. 

Theorem 5.2. Suppose that /j,(a + 1 — A) 6 Z. If f(r,9) =r a fo(6) satisfies 

(5.13) / ^4 exp f-i/i(a + 1 - XU(s)} ds = , 

Jo R s ) 

where if) is given by (5.3), f/ien equation (5.1) /ias a homogeneous distribution 
solution as that given in Theorem 5.1. 

The proof is identical to that of Theorem 5.1. This time we define v by 
(5.4) with constant K = 0. 

Now, for a class of vector fields, we consider equation (5.1) when / = 5, 
the Dirac distribution. More precisely, we have the following result. 

Theorem 5.3. Suppose that divL = 0; the homogeneity degree of L is 
X = N £ Z + ; and that u ^ 0. Then, the distribution u € V'(M. 2 ) given by 

i poo f27n Q N(f> 

satisfies the equation Lu = 5. 
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Proof. For a test function <£, we have r N & = 0(r N ) as r — > 0, and 
integration by parts gives 

,00 d Nt r N^ ,00 QN-lfrNfy 

Jo }nr ^r^ dr = -J r dr»-i 
By repeated integration by parts, N times, we get 

f°° d N (r N $) f°° 
(5.15) J lnr — ^ N ' dr = -(N - 1)! J &(r,0)dr. 

Since divL = 0, then (Z/u,<3?) = —(u,L&) and 
(5.16) 

x ' 7 2Trifi(N - 1)\J J dr N p(9) dr N 

We have 

Expressions (5.15) and (5.17) give 

f°° f) N ( r N <S> ) r°° 
(5.18) / lnr K r > dr = -(N - 1)! / $ r (r,0)dr = (TV - 1)!$(0) . 

After using (5.17) and (5.18), (5.16) becomes 

□ 

6. Equation Lu = f with / real analytic 
In this section, we consider the equation 
(6.1) Lu = f 

with / real analytic in a neighborhood of G M?. We show that this equation 
has a distribution solution which is smooth outside when the numbers fi 
and A attached to L satisfy a certain diophantine condition. 

Let jU, A G C be the numbers associated with L, with Re(/i) > and 
Re(A) > 1. We say that the pair (/x, A) is resonant if iiA G /xZ + + Z. That 
is, if there exist Z, fc G Z, with Z > 1, such that /iX = zzZ + A;. We call such a 
number Z a resonant integer for (/x, A). Denote by JT(/x, A) the set of resonant 
integers for (/x, A). Note that when / is a homogeneous function of degree 
(j — 1) and j is a resonant integer for (/x, A), then the equation = / does 
not have a homogeneous solution unless / satisfies a compatibility condition. 

Lemma 6.1. Suppose that (/x, A) is resonant. Then 

1. if (/x, A) G" Q + x Q + , i/ten (/x, A) /ias a unique resonant integer. 

2. // fi G Q + or if X £ Q + , i/ten (zz, A) /ias infinitely many resonant 
integers. 



18 



ABDELHAMID MEZIANI 



Proof. First note that since (u, X) is resonant, then if one of the numbers 
/j, or A is in Q + , then so is the other. Let (jo,ko) 6 Z + x Z be such that 
fiX = /Uj'o + fco- If (ii) k±) G Z + x Z is any other pair satisfying uX = fiji + ki, 
then — jo) = ko — k\ and a G Q. Conversely, if n = m/n with m, n G Z + 
and gcd(m, n) = 1. j = jo + In, k = ko — Im satisfies uX = uj + k for any 



Lemma 6.2. Suppose that divL = 0. The associated pair (u, A) is resonant 
if and only if either n = or if X G Q + . 7n i/ns case £/ie pair has infinitely 
many resonant integers. In particular, if in addition L is real analytic at 
with homogeneous degree X = N G Z + ; then (jx, N) is resonant with infinitely 
many resonant integers. 

Proof. Since divL = 0, then n = p/(X + 1) for some p G Z, p > (Remark 
2.1). If p = 0, the pair (0, A) is trivially resonant. Suppose that p > 1. If 
(/it, A) is resonant, then there exists (Zo, &o) G Z + x Z such that pA/ (A + 1) = 
plo/(X + 1) + ko- Therefore, X(p — ko) = plo + ko and A G Q + . Conversely, 
if A = m/n with m,n G Z + and gcd(m.n) = 1, then n = p/(X + 1) = 
pn/(m + n). It can be verified that for every s G Z + , j = s(m + n) — 1 is 
(n, A)-resonant with a corresponding k = p(l — sn). □ 

Now we introduce a condition ('DC) for nonresonant pairs (n, A). 
(£>C) : There exists C > such that for every j G Z + 



Proposition 6.1. Suppose that /j £ C, fi / 0, Re(/i) > and A G C, are 

such that (u, A) is nonresonant. Then, 

(a) // fi $l R ; i/ien (/U, A) satisfies condition (DC). 

(b) If li £ K + and A ^ M, i/ien (u,X) satisfies condition (DC). 

(c) If fi, X G M + , i/ien condition(VC) holds if and only if the following 
condition holds 

(VC 1 ) : There exists C > sitc/t i/mi for every j G Z + and k G Z 



Proof. Let /U = fJ,i+iu 2 , X = Ai + i A 2 with /ii , u 2 , X\ , X2 G R and /Ui , Ai > 0. 
Then for j G Z + we have 



Suppose that fi 2 7^ 0. If for every j G Z + /LtiA 2 + /U 2 Ai — jfJ-2 7^ 0, then 



I G Z. 



□ 



I _ e 27ri/i(i-A) > Qj 



HJ — X) — k\>C 3 



(6 2) e 27r *M(i-^) _ e 2vr(^iA2+M2Ai-^2j) e 2vri(^ij-^iAi+^ 2 A2) 

and since (/i, A) is nonresonant, then for every j G Z + , fc G Z, 
(6.3) (/X1A1 - ^i 2 A 2 - J>i - fc) + i(mX 2 + M2A1 - j> 2 ) ^ 



(6.4) 



min 1 — e 
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Consequently the pair (/x, A) satisfies (DC). If there exists jo G Z + such that 
fii\ 2 + M2A1 - io/t/2 = 0, then | e 27ni ^o-A) | = 1. it follows from (6.3) that, 
for every k G Z, we necessarily have fi±\± — /U2A2 — — & ^ 0. Hence, 



(6.5) 
and we also have 
(6.6) 



mm 



> 



^ _ g27r(/ilA2+/i2Al-jr>2) 



> 0. 



Inequalities (6.5), (6.6) imply that the pair (xi, A) satisfies (DC), which proves 
part (a). 

Next, suppose that ji = jJL\ G M + and A2 7^ 0. Then for every j G Z, 



c27ri/ii (j-A) I 



/ 1 and part (b) follows. 



To prove part (c), suppose that xx = /xi > and A = Ai > 0. We need to 
show that conditions (PC) and (DC') are equivalent. If (DC') does not hold, 
then for every / G Z + , there exists j/ £ Z + and ki G Z such that 

(6.7) | M (£_A)-A;,| < P*. 

We have then 



,27Tj/i(j(-A) 



1 



1 



(6.8) 



2(1 -cos [27r0iO'j- A) -**)]) 



= 4? r Kiz - A) - fcj] sinflj 
for some This, together with (6.7), give 



(6.9) 



3 27rj/i(j(-A) 



< AttI jl 



which means that (DC) does not hold. 

Conversely, suppose that (DC) does not hold. Then for every I € Z + , 
there exists j/ € Z + such that 



(6.10) 



3 27ri/i(j ; -A) _ ^ 



< r 



Let k[ = — A)]. Since < /x(j/ — A) — ki < 1, it follows from (6.10) that 
lim (/x^ — A) — ki) = 0. Consequently, after using \e ia — 1| 2 = 2(1 — cos a) > 

l— >oo 

a 2 (for a small), we obtain 



> 



> 47T \fi{ji - A) - h 



□ 



and therefore (DC') does not hold. 

Theorem 6.1. Let L be a X-homogeneous vector field with and such 

that the pair (/x, A) is nonresonant and satisfies condition (DC). Then for 
every function f(x,y) that is real analytic at G IR 2 , i/iere exisi e > 
anc? a bounded function w G C°°(Z)(0, e)\{0}) sixc/t that u = w/r^ 1 is a 
distribution solution of (6.1) in the disc D(0,e). 
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Proof. We expand the real analytic function / as 

oo 

(6.11) f{x,y) = Y,Pj(?,v) with Pj{x,y)= £ 



1 dif 



7 (0) x k y l 



3=0 



k+l=j 



k\l\ dx k dy 



Let 



(6.12) P j (x,y) = r^f j (9) with f 3 {6) = £ fcT7i^7 (0)c ° S ^ Sin ^ 

Let i? > be such that the function f(x,y) has a holomorphic extension 
f(x,y) in an open neighborhood of the bidisc D(0,R) 2 C C 2 . Let Mq = 



max 

|x|,|j?|<fl 



fix, y) 



. It follows from the Cauchy integral formula that 

M 



d 3 f 
dx k dy l ^ 



< kill 



Hence, we get the estimate 
(6.13) 
Let 



ye. 



(6.14) 



m = [ 

Jo 



p(s) 



ds = Vi(0) + # 2 (0) 



so that V(2vr) = 2w(i. Define vA6) € C°°(E 2 \{0}) by 



(6.15) 

with 

(6.16) 



Vj (9) 



K 



Jo 



fj( S ) c -i(j+l-\)Ms) di 

p{s) 



K, - t!M e ~^ +1 ~ x ^ds. 

Jo P(s) 



I _ e 27ri^(i+l-A) 



Note that the denominator in Kj is not zero since the pair (//, A) is nonres- 
onant. The function Vj is a periodic solution of the differential equation 

(6.17) P(0)v'(9) - i(j + 1 - X)q(9)v(9) = f)(9) . 

Therefore r J+1 ~^Vj(9) is the homogeneous distribution solution of Lu = P 3 
given in Theorem 5.1. Consider the series 



(6.18) 



,{r,9) = Y J v j {0)r j - 

3=0 

We prove that w is a C°° function of (r, 6) for small r. Let Ai and A2 be the 
real and imaginary parts of A. Then 

J+ 1 



_ g-AlV>2(s)-A2l/' 
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Set 

Mi = max e - x iMs)-*2Ms) . M = max e ^a(«) . and p = min | p ( s ) 

0<s<2?r 0<s<2tt 0<s<2tt 



Then, it follows from (6.13), that for < 9 < 2ir, we have 
(6.19) 



-e 



< 27rMiMo(j- + 1)M 2 J+1 < ■ 
P0# " 



p(s) 

for some constant Co depending only on /, A, p and q. Since (/i, A) satisfies 
the diophantine condition (T>C), it follows from (6.16) and (6.19) that 

(6.20) \Kj\ < C{ with Ci = 

This inequality, together with (6.15) and (6.19), imply that 

(6.21) 1^(0)1 < (Cf + C^MiMf*- 1 < C^' 

with a constant C2 > depending only on /, A, p and g. This proves at once 
that the series defining w given by (6.18) converges uniformly for 9 £ [0, 2tt] 
and r £ [0, Rq] for any positive number Rq < I/C2. Consequently, w(r, 6) is 
continuous, 27r-periodic in 9 and real analytic in r. The uniform convergence 
of the series of derivatives can be proved by a similar argument. For instance, 
since 

then similar estimates show that X^ u j(^) r "' * s a g am uniformly convergent 
and so w € C 1 in the (r, 9) variables. This argument can be repeated for 
the successive derivatives leading to w G C°°([0, Ro] x S 1 ). 
Let u = w/r A_1 . We can write 

[Re(A)] 00 

(6.22) u(r,6)= ^ Vj (e)r> +1 - X + i> i (0)H +1 - A . 

J=0 j=[Rc(A)]+l 

The finite sum in (6.22) is a distribution solution of the equation 

Lg = 5^f Pj and the infinite sum, which is a function of at least class 

C 1 at € M 2 , solves the equation Lg = f — 5^j=o Pj- This completes the 
proof of the theorem. □ 

Remark 6.1. Diophantine conditions such as the one used here appear in 
connection with the hypoellipticity and solvability. For instance in [2], [3], 
the analytic solvability in a neighborhood of a degeneracy curve of a vector 
field is controlled by a Diophantine condition. 

Theorem 6.2. Suppose that (//, A) is nonresonant, satisfies (DC), and that 
Re(//) > 0. Let f be a real analytic function in a neighborhood of € M? . 
If u is a distribution solution of (6.1) such that u is continuous outside 0, 
then there exists e > such that u £ C°°(D(0, e)\{0}). 
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Proof. By Theorem 6.1, there exists a distribution solution uq of (6.1) with 
uq G C°°(D(0, R)\{0}). If u\ is any other solution, continuous outside 0, 
then uq — ui satisfies L(uq — u±) = and is continuous outside 0. Since, 
Re(u) > 0, then it follows from Theorem 3.3, that there exists e > such 
that n - ui G C°°(D(0, e)\{0}). □ 

Remark 6.2. If L is real analytic in M 2 \{0}, then the distribution solution 
constructed in Theorem 6.1 is real analytic in a punctured neighborhood of 
and so is every solution if Re(/x) > 0. 

Now we consider the case when (u, A) is resonant. As was observed in 
section 5, the equation (6.1) with a homogeneous right hand side does not 
always have a homogeneous solution unless a compatibility condition is sat- 
isfied. A real analytic function f(x, y) is (u, A)-compatible if, its series ex- 
pansion (6.11) satisfies 

(6.23) r^e-*' +1 - A ^J = 0, Vj €]!(«, A) 

Jo P{°) 

where fj is given by (6.12). Note that when \jl £ Q, then there is only one 
resonant integer and (6.23) reduces to a single condition, while if \x G Q, 
then there are infinitely many conditions (see Lemma 6.1). In particular, 
if, in addition, L is real analytic at G M 2 and divL = 0, then there are 
infinitely many compatibility conditions (see Lemma 6.2). 

Theorem 6.3. Suppose that (u,A) is resonant and satisfies (T>C). Then 
for every (u, A)- compatible, real analytic function f, equation (6.1) has a 
distribution solution as in Theorem 6.1 

Remark 6.3. Among the results contained in the recent papers [13], |14| 
are the solvability and hypoellipticity of vector fields 

(ana; + a l2 y) d x + (a 2 ix + a 22 y) d y 

with dij £ C. In particular, such vector fields are not hypoelliptic at 0. This 
lack of hypoellipticity is generalized in [8] in the real analytic category to 
vector fields with an isolated singularities. 

7. Solvability when L satisfies condition {V) 

In this section we consider the equation Lu = f with / a C°° function in 
a neighborhood of under the assumption that L satisfies condition (V) in 
IR 2 \{0}. We have the following theorem. 

Theorem 7.1. Suppose that the homogeneous vector field L satisfies condi- 
tion (V) in M 2 \{0} and (yu, A) is nonresonant. Then, for every f G C°°(M. 2 ) 
there exist e > and a continuous function w(r, 9) in the cylinder [0, e) x S 1 
such that w(0,6) = and w G C°°((0, e) x S 1 ) and such that the function 
u(x,y) defined in polar coordinates by u = w/r^ 1 is a distribution solution 
of 

(7.1) Lu = f in D(0,f)cR 2 . 
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Proof. Let Yl'jLo Pj( x i y) be the Taylor series of / at G Mr, where Pj = 
ri fj(0) is the homogeneous polynomial given by (6.12). Since the pair (fi, A) 

. 1 I 1 V 1L' / \ 1 1 ■ 1 1 1 I i li/U1 i ■„ • Ml I llM • i > I 1 HVI /'-111 E * 



is nonresonant, then for every j > 0, we can find Vj G C 00 ^ 1 ) such that 



r^Vj(9)/r x ^ 1 is a distribution solution of the equation Lu = Pj. By using 
Borel's Extension Theorem, we can find a function v(r, 6) G C°°([0, e) x S 1 ), 
for some e > 0, such that 

(7.2) |^ ( o,0) =^.(0), V j>0. 
Then the r- Taylor series of the function 

(7.3) g{ri e) = f{r,e)-L{^l 

d j g 

is identically zero. That is — — (0, 9) = for every j > 0. When considered 

or 1 

as a function of (x,y) in a neighborhood of € M. 2 , the function g vanishes 
to infinite order at 0. Since L satisfies condition (V) in IR 2 \{0}, then the 
vector field 

satisfies condition (V) in I x S 1 . Let 



(7.5) S o = {0G§ 1 : Re(q(9)p(9)) = 0} . 

Since So C S 1 is compact and Lq satisfies condition (V), then we can find 
e > and 9\ , • • • , 9n G S 1 such that 

N 

(j S C (6 k — e, 9 k + e) , 

(6 k - 2e, 9 k + 2e) n~(9 t - 2e, 0, + 2e) = for jfe -k I . 

Moreover, for each k = !,■■■ ,N there exists w k G C°° ((— e, e) x (6 k - 2e, 0^ + 2e)) 
such that 

(7-7) = ^pzr • 

We can furthermore assume that w k (0,9) = 0. Let w G C°° ((-e, e) x S 1 ) 
be such that 

(7.8) w (r,6) =w k (r,9) in (-e, e) x (6 k - e, 9 k + e) , for k = 1, • • • , N 
Hence, L w G (7°° ((-e, e) x S 1 ) and 

(7.9) L ^o(r, 6) = in U (" e ' e ) x " e ' + e ) ■ 
Consider the equation 

(7.10) Low 1 = h(r, 9) = ^p^r - L w (r, 9) . 
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Note that h = in IJjb=i( — e > e ) x (^fc — e ' ®k + e)- To solve (7.10), we use 
the first integral of Lo defined in (2.11). We have 

(7.11) L Z^(r,e) = -- Z^(r,e). 



It follows from (7.11) that the pushforward via Z^ of the equation (7.10) 
in the region < r < e gives rise to the CR equation in a neighborhood of 
G C 



with w = w l o Z^ 1 and h = ho Z~ x . Since h is identically zero in a an open 
neighborhood of (— e, e) x So and h(0,9) = 0, then the equation (7.12) can 
be written in the form 

<™> £ = 

with £ € C oo (D(0, e')\{0}) n L°°(D(0, e')) and a = (Re(l//i)) _1 > 0. Hence 
Izl"^ 1 ^ is an L p function with p > 2. Equation (7.13) has a solution w; G 
C^I^O, e')) with o- = (p - 2)/p. We can assume that w(0) = 0. Let 
w 1 = w o Zp. The function 

(7.14) w{r,9) = r A ~ x (^(r, 9) + w (r, 0)) + v(r,0) 

is C°° for < r < e, Holder continuous on the circle r = 0. Also, it follows 
from (7.3), (7.9), and (7.10), that u(r,6) = w(r, ia)/r A_1 is a distribution 
solution of equation (7.1) □ 

Equation (7.1) can be solved in the resonant case provided / satisfies 
compatibility conditions. 

Theorem 7.2. Suppose that L satisfies condition (V) and (fj,, A) is resononant. 
Let f be a C°° function in a neighborhood of G M 2 with Taylor series 

oo oo 

(7.15) ^P m (x,y)= J> m / m (0) 

m=0 m=0 

where P m and f m are given by (6.12). // 

(7.16) ^ 27r ^expH(j + l-A)^)] d9 = 0, VjGj(//,A) 
then equation (7.1) has a distribution solution. 
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8. A BOUNDARY VALUE PROBLEM FOR L 

In this section, we consider an adaptation of the Riemann-Hilbert bound- 
ary value problem when the vector field L satisfies condition (V) . Through- 
out we assume that Q C M 2 is a simply connected open set containing and 
having a C 1 boundary. For simplicity, we will assume that i*(Bdx — Ady) ^ 
0, where Bdx — Ady is the dual form of the vector field L = Ad x + Bd y and 
i : dfl — > M 2 is the inclusion map. 

Theorem 8.1. Suppose that the vector field L with numbers (fi,X) satisfies 
condition (V), A G C^dJ^S 1 ) and $ G C CT (dft,M) with < a < 1. Denote 
by k the winding number of A with respect to 0. If 

» > -i - V^r! 

Re(Vf) 

then the Riemann-Hilbert boundary value problem 

Lu = in $7 , 



(8.2) 
has a solution 



Re (Au) = $ on dn. 



u g V(n) nc°°(n\{o}) 



Proof. We will use the first integral to convert problem (8.2) into the 
standard Riemann-Hilbert problem for the d in C. We have 

_2 ! Re^) 
HP 

r = \Z^\ 1 / Rc(1 /^, and L is hypocomplex in M 2 \{0}. It follows that the 
equation Lu = in Q, is transformed via into the equation 

(8.3) yl+Re(A-l)/Re(l/ M ) ^ = Q . 

dz 

with u = v o Zp. Hence, the boundary value problem (8.2) transforms into 

(8 .4) J \z\***-VMM | = in 

1 Re(Ait>) = $i " on dZ^Sl) , 

with Ai = A o Z^ 1 and <&i = <I> o Z^ 1 . Note that the presence of the term 
| z |i+Rc(A-i)/Rc(i/ A t) a n ows us t Q see k solutions of the form 

viz) = — — 

with H holomorphic and m G Z + satisfying 

, Re(A - 1) 
Re(l//x) 

We can get explicit solutions by reducing the problem to the unit disc. Let 

: — ► D(0,1) 
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be a conformal mapping with $(0) = 0. The boundary problem for w = 
v o t?" 1 is therefore 

/ yl+Re(A-l)/Re(l/„) ^ = in D , Q 1) 

l°-5J S oz 

{ Re(A 2 u;) = $ 2 on dD(0, 1) , 

with A 2 = Ai o and <I> 2 = <I>i o Since on the boundary dQ we 

have i*dZ^ ^ 0, then is a C 1 -diffeomorphism from 30 onto dZ^ L (Q) 
and, consequently, i? o is a diffeomorphism from d£l onto the unit circle 
dD(0, 1). Hence, the functions A 2 and $ 2 are Holder continuous on the unit 
circle. 

The explicit solution of (8.5) can be obtained through the Schwarz oper- 
ator as follows (see pQ, [6], [9]). Let 

f27iT 

/ UHUY;M / I ; \ 

KT 



±^dr 



(8.6) 



^ )= irh tan (^A^) 

n 

Q{z) = ip + ^2(c k z k -cj:z- k ^ c u ---,c n eC 

n = k + 1 + 



k=l 
[ Rc(A)-l 
I Re(l» 



The general solution of (8.5) is the meromorphic function with a possible 
pole at given by 

r 1 f 2?r e* T -I- 7 

(8.7) w(z) = zV 7(x) — / e^ 2 ( T )$ 2 (r)— — dr + Q(z) 

2-7T J e JT - z 

The distribution u = wo$oZ m £ D'(Q) n C°°(fi\{0}) solves (8.2) □ 

Theorem 8.2. Assume that the vector field L satisfies condition (V) and 
that the associated pair (//, A) is nonresonant and satisfies the diophantine 
condition (DC). Then, for every f € C°°(Q) there exists u G D'(Q) n 
C°°(n\{0}) such that 

(8.8) Lu = f. 

Proof. Since L satisfies condition (V) and (fi, A) is non resonant and satisfies 
(PC), then (Theorem 7.1) there exists u G D'(U ) n C°°(U \{0}), with 
Uq = D(0,e), for some e > 0, such that u satisfies (8.8) in Uq. It follows 
from condition (V) that we can find open sets U\ , ■ ■ ■ , Un such that 

TV 

Tl\D(0,e) C |J Uj 

3=1 

and functions Uj G C°°(Uj) satisfying (8.8) in Uj for j = 1, ••• ,N. If 
j, G {0, • • • , N} are such that Uj D E/fc 7^ 0, then — = in 

C7j fl f/fc and, consequently, there exist hjk holomorphic in Z^{Uj n C/fc) = 
Z^(Uj) n Z^Uk) such that Uj — = hjk ° Z^ (hypocomplexity of L). The 
collection {hjk} forms a cocycle relative to the covering {Z^(Uj)}jL . Hence, 



HOMOGENEOUS SINGULARITIES 



27 



(8.9) 



we can find holomorphic functions hj in Z u (Uj) such that hjk = hj — hk in 
Z^Uj) n Z^Uk). The distribution u G V'{VL) given by 

u = Uj — hj o in Uj 

solves (8.8) □ 

Theorem 8.3. Let L and (/x, A) 6e as in Theorem (8.2) and A, $ 6e as in 
Theorem (8.1) mi/t n = Ind(A) satisfying (8.1). Then for any f € C°°(f2), 
the Riemann- Hilbert problem 

Lu = f in Q 

Re (An) = $ on 50 

aas a solution u G D'(fi) n C°°(ft\{0}). 

Proof. Let u G D'(S1)nC°°(O\{0}) be such that Ln = / (Theorem 8.2). Let 
w be the solution of the problem (Theorem 8.1) 

Lw = in O , Re(Au>) = $ - Re(Aw) on 90 . 

Then u = w + v solves (8.9) □ 
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